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Dirac Quantum Field Theory in Rindler Spacetime

Zhu Jianyang' and Luo Zhijian'
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The dynamical properties of Dirac particles in Rindler spacetime are investigated.
It is shown that the vacuum state of the Dirac field in Minkowski spacetime
appears to be a thermal state for a Rindler observer, and the usual thermal
equilibrium state of the Dirac field in Minkowski spacetime is a quasithermal
equilibrium state, which is time independent and characterized by two quasi-
temperature parameters for a Rindler observer.

1. INTRODUCTION

When considering the Klein—Gordon scalar field, a vacuum state in
Minkowski spacetime appears to be a thermal state for a uniformly accelerated
Rindler observer, and the temperature is proportional to the Rindle observer’s
proper acceleration (Sciama, 1981; Gibbons and Perry, 1978)—the Rindler
effect. Unruh gave a simple proof (Unruh, 1976; Birrell and Davis, 1982).
Recently, further study showed that, for the Klein—Gordon scalar field, the
usual thermal equilibrium state in Minkowski spacetime is no longer the
usual thermal equilibrium state for a uniformly accelerated Rindler observer,
but is a quasithermal equilibrium state which is time independent and charac-
terized by two quasi-temperature parameters (Zhao et al., 1996). This makes
the Rindler effect more complete.

All of the previous work has been done only on the Klein—Gordon
scalar field. The study needs to be extended to the Dirac spinor field. In this
paper, we will discuss the vacuum state and the thermal equilibrium state of
the Dirac field in Minkowski spacetime. By means of second quantization
and Bogoliubov transformation on the Dirac spinor field in Rindler spacetime,
we get the respective result.
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In Section 2, we study the vacuum state of the Dirac field in Minkowski
spacetime and show that this state appears to be a thermal state and radiates
a Dirac thermal spectrum for a Rindler observer. In Section 3, we study the
usual thermal equilibrium state of the Dirac field in Minkowski spacetime
and show this state is a quasithermal equilibrium state which is time indepen-
dent and which is characterized by two quasi-temperature parameters, for the
Rindler observer. Section 4 contains a conclusion and discussion.

2. VACUUM STATE IN MINKOWSKI SPACETIME
The line element of two-dimensional Minkowski spacetime is
ds* = df — dx* (1)

Under the coordinate transformation

t=a"" e“shan
{ x=a ! e“ichan )
(1) is represented as
ds* = &*(d’ — d&) 3)

The system (1, &) is known as the Rindler coordinate system (Rindler,
1966), and the new spacetime (3) is called Rindler spacetime. Rindler coordi-
natization of Minkowski space and a conformal diagram of the Rindler system
are shown in Figs. 1 and 2. Obviously, the Rindler coordinate system covers
only a quadrant of Minkowski space, i.e., the region R. Here L is the mirror
region of R, the null rays # + x = 0 and t+ — x = 0 are event horizons of
regions R and L, the line | = const taken across both R and L is the Cauchy

Fly t-x=0omp £=°

const

Fig. 1. Rindler coordinatization of Minkowski space.
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Fig. 2. Conformal diagram of the Rindler system.

surface for the whole spacetime, and F and P are causal future and past
regions of RU L, respectively. In addition, the timelike world lines of Rindler
observers (§ = const) are hyperbolas in the r—x plane (x> — 1> = a %** =
constant > 0). This means that the Rindler observer has a uniform
acceleration.

In flat spacetime, the dynamical behavior of Dirac particles can be
described by the Dirac equation

ir'Yy —m¥ =0 4)

where r* are Dirac matrices, which satisfy the following anticommutation
relations:

(o, Py = o 5)

In an inertial system of Minkowski spacetime, a complete set of mode
solutions of the Dirac equation is given as (Lurie, 1968)

\/LV urs expli(k - x — ot)] (positive-frequency modes) (6)
0

and

\/LV vis eXp[ —i(k + X — k)] (negative-frequency modes) (7)
0

where
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X;
Uks — +Wl O_'k
20)/( O + m ’
+ m Tk g
Vis = 20, oy + m
X,

SR R

s = 1, 2, correspond to X:+, X—, respectively, k is the wave vector, and oy is
the energy (we use units which &4 = ¢ = G = 1).
Therefore, we can expand the field ¥ as

1
Y ) =—F ; (axstirs exp(ikx — i)
A/ Vo &
+ ¢ vis exp(—ikx + i) 9

where day, Cis, i, ¢ 7 are annihilation and creation operators of Dirac parti-
cles in Minkowski spacetime, and satisfy the following anticomutation
relations:

{akS’ az—'A"'} = 6kk’6ss’

{Cks, CI?A"’} = 6/(/(’635"

{aks, ars} = {cks, cks} = 0

{a/‘&, az—'s'} = {CZ:V’ C;S'} = O

{ars, cos} = laks, ciiy} =0

{Chs, ars} = {cks, aliy} =0 (10)
We define the Fock vacuum

a0y = cilOdy =0 Yk s (11)

|0)4 is called the Minkowski vacuum.

In Rindler spacetime regions R and L, the positive- and negative-
frequency mode solutions are given as
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f L ukezki ion in R
For = J NV
0 in L
(12)
X L—vkse Tikstion in R
(I)ks = VO
0 in L
1 0 .
f —= une ik&+ion in L
fore = ) Vo
0 in R
(13)
1 ki .
<L T%e ik—ion in L
(I)ks = VO
0 in R

The set (12) is com;glete in the Rindler region R, while (13) is complete in
L, but neither set separately is complete on all of Minkowski space. However,
both sets together are complete in Minkowski space. The Dirac field may
be expanded in @i, *dis, “Qrs, “is:

YeE n = 7(2((19 ok + did k) + (08 ok + diD k) (14)
where b§L?, d&?. b7 and di1?T are annihilation and creation operators

of Dirac particles in Rindler spacetime; they satisfy the anticommutation
relations. Define the Fock vacuum

=dPR =0 Vs (15)

‘O)R is called the Rindler vacuum.

The functions Rpis and (I)ks do not go over smoothly to “@i and ¢,
respectively, at u = t —x = 0, v = t + x = 0 (the crossover point between
L and R); hence the Rindler modes, by virtue of their nonanalyticity at u =
v = 0, cannot be a combination of pure positive- or negative-frequency
Minkowski modes. They must be a mixture of positive and negative frequen-
cies, i.e., 10)y # 0z
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Imitating Unruh’s proof about the Rindler effect, we construct the Unruh
mode function. Consider a massless spinor field; we define the Eddington—

Finkelstein coordinates

In R, we have

or

In L, we have

or

u = In(—au)
E = —q leav
u = a—l —au

=1 In(—av)
a
_ 1. -
u = —"In(au)
a

Substituting (18) and (20) into (12) and (13), we obtain

R

Qs

OLS

—nola L

— L_ uksei(m/a)ln(—azj)

0

= \/L_ ui‘/@e
Vo

- \1/— uigkse
Vo

—iou — L u"ikyei(m/“)l"(“l_’)
Vo

i(w/a)[In(—au)+In(—1)]
z(m/a)ln( au) Tw/a

u* ez(m/a)ln(—au)

N
=

(16)

(17

(18)

(19)

(20)

2n

(22)

(23)
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We can see that ®y, and e "™ Lp*,, have the same functional form. Similarly,

Ry and e ™ Lo xy, Lopy and e ™ Ropxy,, and Ly and e ™ Ry also
have the same functional form, so the Unruh mode functions can be con-
structed as

f%) = enm/Za R(Pks 4 e—frm/2a L(Pi‘ks (24)
gg) — enm/Za R(I)ks + e—nm/Za L(I)iks
f%) = enm/Za L(Pks 4 e—frm/2a R(Pi‘ks (25)
gg) — enm/Za L(I)ks 4 e—nm/Za R(I)iks

/112 and gW? share the analyticity properties of Minkowski positive- and
negative-frequency modes, and must also share a common vacuum state [0);
thus we can expand ¥ in terms of /{1 and g¥?:

YE W = 5 2eh(nolo)]™” B [l + DT gl + BI /1

+ D@ g?) (26)

where B{:2, D{L?, BU2* and D{P ™ are annihilation and creation operators
of Dirac particles in Minkowski spacetime when we adopt Rindler coordi-
nates. They satisfy the anticommutation relations, and the annihilation opera-
tors satisfy

5L

Equations (24) and (25) are not normalized; in (26) we introduce the normal-
ization constant. The inner product on the Dirac field in Minkowski spacetime
is defined as

0Yy = DE210)y, = 0 Yk, s (27)

W, ) = J Vo dx (28)
In two-dimensional Rindler spacetime, (28) can be written as
W, ) = J Vo (29)
From (29), we have
Cors, Rors) = Fors “dry) = Cors, "ory) = Cdis “drry) = SuSyy
ot “oty) = Fok, “ot) = ok, "oby) = Ok, "dby) = BBy
Cors, “dts) = Cows “ob) = Cous, ") = (s, "QFy) = By
Cows *obs) = Cdws, “d8) = Cors, "08) = Css, ") = 0
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(R(Pks’ R(I)k’S’) = (R(I)zf’ R(P/ik’s’) = (L(Pks’ L(I)k’s’) = (L(I)/iks’ L(P/ik’s’) =0 (30)

By taking the inner products (¥, “@), (¥, %ow), (¥, “Ow), (¥, %ow),
first with ¥ given by (14), and then by (26), we obtain the Bogoliubov
transformations

b = [2ch(nwla)] 2 [e™ BR + ¢ ™2 pU)H
bR = [2ch(nwla)] " [e™ B + ¢ ™ DT
A = [Zch(nm/a)]_”z [em/za DR 4 o T2 B(_l}(jf] (31)
d% = [2ch(nwla)] " [e™ DY + ¢ ™ BET]

By means of (31) we have

M<O‘b (L2)+ b%‘z)‘O)M — (ezm/a + 1! )
M(()‘dg,zw d%‘z)‘O)M — (ezm/a + 1!
If we define temperature Ty = a/2mKp, (32) is represented as
M<0 bgcly,Z)-%— bgcly,Z) 0>M — (em/KBTo + 1)—1
M<0 dgcly,Z)-%— d%l) 0>M — (em/KBTo + 1)—1 (33)

This is precisely the Dirac thermal spectrum for radiation, where T is the
coordinate temperature, a is the coordinate acceleration of the Rindler
observer, and K3 is Boltzmann’s constant.

We can see that the vacuum state of the Dirac field in Minkowski
spacetime appears to be a thermal state and radiates a Dirac thermal spectrum
for a Rindler observer.

3. THERMAL EQUILIBRIUM STATE IN MINKOWSKI
SPACETIME

Now, we further study what a uniformly accelerated observer in the
Rindler regions R and L will see when there exists a thermal equilibrium
state of the Dirac field in Minkowski spacetime. The state function |'V'),; and
Hamiltonian H are

[Powr = o0 n@n® L mm) L m® m® L

= ]k—[ (B SJ;H)”%) (B %)4—);19%) (Dg”)mf‘p (D Sgy)ﬁ-)m%) 0)r (34)

H= Z o (BT B + DIVTDW) + (BT B + DPTDP)] (35)

The Hamiltonian H is obtained from
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H=1i| YoV ax’ (36)

As we use two-dimensional Rindler coordinates, we can write (36) as

H=i| Yo,Y & (37)

J

Note that L is the mirror region of R. The Killing vector in R is +0n, but

in Litis —0n, so in R, Ex = hwy = o = ‘k,and inL, Ex = o = —k‘.
In (32) we define o, = |k|.

Taking the thermal equilibrium state as a canonical ensemble, we can
give the density operator as

p = e WWIKsT = (BE=H) B = 1/K,T (38)
where F is the Helmholtz free energy, and H is the system Hamiltonian. From
trp=1 (39)

we have
e P =trePH (40)

By mean of (31), (34), and (35), we obtain
BEPT bIwp = tr(pb P bILY)
= tr(e PHp L2 p (1) (e TPH)
= (PO 4 2N (PO 4 1)(ePH 4 1)
@ d g = w(pdis? dly?)
= tr(e PPt d ) tr(e ~PH)
= (ePor + 2mH (PO 4 1) 4+ 1) (41)

The usual thermal equilibrium state of the Dirac field in Minkowski spacetime
is a quasithermal equilibrium state which is time independent and character-
ized by two quasi-temperature parameters for a Rindler observer.
Equation (41) goes over to the ordinary Minkowski thermal equilibrium
state when the acceleration a of the Rindler observer tends to zero,
BEPT s — (PR + 17! “)
(@iP* d?mp > (P + 17!
On the other hand, when the temperature of the thermal state in the

Minkowski spacetime goes to zero, the Rindler observer will see an ordinary
Rindler effect,
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12)+7 (12) 2nwla —1
{(b S(s bs(s >M,[3 e d (6 + 1) (43)

<d%,2)+d%‘,2)>M’B N (e 2nwl/a _|_ 1)—1

This is (32).

4. CONCLUSION AND DISCUSSION

The vacuum state of the Dirac field in Minkowski spacetime appears
to be a thermal state and radiates a Dirac thermal spectrum for a Rindler
observer. The usual thermal equilibrium state of the Dirac field in Minkowski
spacetime is a quasithermal equilibrium state, which is time independent and
characterized by two quasi-temperature parameters for a Rindler observer.

We have extended the Rindler effect to the Dirac spinor field. By means
of second quantization and the Bogoliubov transformation on the Dirac spinor
field in Rindler spacetime, we obtain a similar result to the Klein—Gordon
scalar field. This is what we expect. But it is noteworthy that the Dirac field
is much more complex than the Klein—Gordon field; the Dirac equation
possesses not only positive-, but also negative-frequency mode solutions, so
the quantization of the Dirac field is different from the Klein—Gordon field,
and the study of the Rindler effect is more complicated.
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